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Scanning tunneling microscopy (STM) measurements have observed modulations in the density of states
(DOS) of a number of high-T, cuprates. These modulations have been interpreted in terms of electron-boson
coupling analogous to the dispersion “kinks” observed by angle-resolved photoemission spectroscopy
(ARPES). However, a direct a reconciliation of the energy scales and features observed by the two probes is
presently lacking. In this paper we examine the general features of electron-boson coupling in a d-wave
superconductor using Eliashberg theory, focusing on the structure of the modulations and the role of self
energy contributions A and A 4. We identify the features in the DOS that correspond to the gap-shifted bosonic
mode energies and discuss how the structure of the modulations provides information about an underlying
pairing mechanism and the pairing nature of the boson. We argue that the scenario most consistent with the
STM data is that of a low-energy boson mode renormalizing over a second dominant pairing interaction and we
identify this low-energy mode as the out-of-phase bond buckling oxygen phonon. The influence of inelastic
damping on the phonon-modulated DOS is also examined for the case of Bi,Si,CaCu,0g, s. Using this sim-
plified framework we are able to account for the observed isotope shift and anticorrelation between the local
gap and mode energies. Combined, this work provides a direct reconciliation of the band-structure renormal-

izations observed by both ARPES and STM in terms of coupling to optical oxygen phonons.

DOI: 10.1103/PhysRevB.81.214512

I. INTRODUCTION

In conventional superconductors, the role of electron-
phonon (el-ph) interactions as the pairing “glue” was con-
firmed by the observation of fine structure in the tunneling-
derived density of states (DOS).!? In the cuprates, a great
deal of effort has been expended in search of similar signa-
tures using different probes.’>=3” The observation of a particu-
lar mode, be it spin or lattice, might be used to infer the
nature of the principal pairing mediator. However, to date,
there is no consensus on the existence of such a mode® and
if it does exists, whether it is tied to the lattice or spin de-
grees of freedom.

Electronic renormalizations in the form of dispersion
“kinks” have also been observed in the electronic dispersion
of the cuprates by angle-resolved photoemission spectros-
copy (ARPES).0-%1LI3-18 Qccurring at an energy scale
~65-70 meV in the nodal direction (0,0)— (7, ) of the
Brillouin zone, these kinks have been interpreted as coupling
to a bosonic mode of either an electronic®~'? or lattice
origin.>2! According to Eliashberg theory, the position of a
kink due to coupling to a sharp bosonic mode in a d-wave
superconductor is expected to occur at an energy of Ay+()y,
where (), is the energy of the mode and A is the maximum
value of the d-wave gap.>'%3* With this observation, the en-
ergy of the mode responsible for the kink has been estimated
at ~35-40 meV. This energy coincides with the energies of
the spin-resonance mode centered at Q=(w/a,m/a) ob-
served by neutron scattering® and the out-of-plane “Big”
bond buckling oxygen modes.'> As a result, there is consid-
erable debate as to the identity of the underlying mode, how-
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ever the observation of multiple mode coupling in some
cuprates,”*21-28 as well as recent measurements of an isotope
effect for the kink energy,'* provide strong evidence for the
phonon interpretation of the ARPES renormalizations. How-
ever, regardless of the identity of the boson, the
~35-40 meV energy scale extracted from ARPES data ap-
pears to be in conflict with the ~52 meV energy scale ex-
tracted from scanning tunneling microscopy (STM) by Lee
et al.® Therefore it is an open question as to whether the two
experimental probes are observing different mode couplings
or if they are reflecting different manifestations of the same
bosonic mode.

Microscopic inhomogeneities in the local density of states
(LDOS) which is proportional to the derivative of the tun-
neling current N(w)ocdl/dV, as well as signatures of cou-
pling to a bosonic mode, have been observed in STM experi-
ments on Bi,Sr,CaCu,0y, 5 (Bi-2212).37 In Ref. 3, estimates
for the local gap size are determined from the peak-to-peak
distance of the coherence peaks while the energy of the
bosonic mode is identified as the energy position of a peak in
d*1/ dV? measured relative to the energy of the superconduct-
ing gap. While the positions of the superconducting coher-
ence peaks vary at different tip locations, estimates for the
mode energy are inversely correlated with the local gap size
and the distribution of mode estimates, centered at
~52 meV, shows a clear isotope shift upon 180 substitution.
The energy of the bosonic mode also appears to be immune
to doping while the spectra changes qualitatively. These ob-
servations are inconsistent with a coupling to the spin-
resonance mode® and points to a lattice origin for the mode
involving oxygen vibrations.
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Fine structures in the DOS of a number of additional cu-
prates have been reported by other STM and superconductor-
insulator-superconductor (SIS) junction tunneling measure-
ments, each producing different estimates for mode energies.
A structure similar to that reported for Bi-2212 has been
reported in Bi,Sr,Ca,Cuz0,, 5 (Bi-2223) (Ref. 22) with the
energy scale of the mode estimated at ~35 meV. It is im-
portant to note that in Ref. 22 the mode energy was associ-
ated with the position of the minima in the LDOS (root in
d*1/dV?) relative to the local gap size as opposed to Ref. 3,
which extracted the mode estimate from the peak in dI*/dV?>.
Bicrystal grain boundary SIS junction measurements on op-
timal doped La; g,Srg ;4CuQO, thin films observe modulations
in the DOS which correspond well with peaks in the neutron-
derived phonon spectra,”® and in agreement with the multiple
features present in ARPES data.”® Examinations of tunneling
data on YBa,Cu30,;_s and the electron-doped system
PrygsLaCe 1,CuO,4 have produced a similar correspondence
between modulations in the DOS and phonon density of
states in these materials.”*?> The observation of multiple
mode coupling, as well as the fact that the spin resonance is
well separated in energy from the phonons in the electron-
doped systems provide further evidence that the spin-
resonance mode is unlikely to be the source of these features
as proposed by Ref. 35. However, the question remains
whether coupling to the mode can be cast in the usual form
for el-ph coupling to oxygen modes, as inferred from
ARPES,'>1? or whether the structure in the LDOS could be
due to phonon-assisted cotunneling from the tip via the api-
cal atom.?’

Cotunneling via a strong local coupling of electrons in the
STM tip to the apical atom imparts structure in the form of
peaks in the dI/dV at an energy scale of Ay+{) and multiples
of the phonon frequency Ay+2€),Ay+3(},... even though
the coupling of the planar superconducting electrons to the
apical atom may be weak.?’** However, recent observations
of charge-ordering structures via Fourier transform spectros-
copy in Bi-2212,*' which has apical oxygen atoms, and
Ca,_,Na,Ca0,Cl,,*> which does not, empirically indicate
that no one particular matrix element controls the tunneling
pathway along the ¢ axis. If a single pathway were to domi-
nate the tunneling process one would expect the charge-
ordering features in these two materials to have qualitatively
different structures.

In light of these observations we investigate the role of
el-ph coupling between planar oxygen vibrations and the
electrons of the CuO, plane. The aim of this paper is two-
fold. First, due to the discrepancies in the structures in dI/dV
used to extract boson mode energies in previous works, we
examine the qualitative signatures of el-boson coupling in a
d-wave superconductor. In doing so, we explicitly determin-
ing which features in dI/dV (or d*I/dV?) are best identified
with the energy of the boson mode. Furthermore, we demon-
strate how the qualitative structure in dI/dV can be used to
determine if the mode coupling is the predominant pairing
mechanism. We argue that most consistent interpretation of
the STM data is that of a low-energy mode renormalizing
over a dominant high-energy (or instantaneous) pairing inter-
action. In this case, the mode energy should be extracted
from a minimum in N(w) «dl/dV. In light of this finding, the
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mode energy estimate from Ref. 3 is revised to
~35-45 meV, in agreement with Ref. 22 and the energy
scale extracted from ARPES measurements.'®?! The second
goal of this paper is to demonstrate that the modulations in
N(w) can be understood in terms of the same el-ph coupling
models that have been successful in accounting for the dis-
persion kinks observed ubiquitously in the cuprates by
ARPES. Combined, these calculations demonstrate a unified
picture of el-ph coupling in the cuprates probed by both
STM and ARPES.

The organization of this paper is as follows. In Sec. II the
Eliashberg framework for calculating the self-energy due to
el-boson coupling in a d-wave superconductor is reviewed.
In Sec. III focus is placed on el-boson contributions in mul-
tiple momentum channels in order to demonstrate the quali-
tative changes in the self-energy that are expected for a mode
which couples differently in each of the momentum chan-
nels. We find that these considerations are critical and can
qualitatively change the structure of the boson modulations
in the DOS, altering the feature in dI/dV corresponding to
the mode energy. This aspect of the calculation has generally
been neglected in previous Eliashberg treatments,'?2%3!
where the boson contribution to the single particle (\,) and
anomalous (\ ) self-energies have been taken to be equal to
(or proportional to) one another over the entire energy range
of the boson spectrum. For an s-wave superconductor A,
=My but for a d-wave superconductor A # A\, and usually
A.> )\ in modes derived from the strong Coulomb repulsion
having strong onsite (\,) and near-neighbor (\,) interac-
tions. Next, having established the role of the symmetry
channels, we then turn to the qualitative differences in the
el-boson structures in the infinite and finite band formalisms
of Eliashberg theory. Since the cuprates have a relatively
narrow bandwidth due to the Cu 3d character of the pd-o*
band, one expects that the latter case is the more appropriate
formalism for these materials. Finally, in Sec. IV we present
a model calculation for the el-ph modulated LDOS in Bi-
2212. Here it is demonstrated that the DOS modulations can
be reproduced using coupling strengths similar to those used
in previous ARPES treatments.!> We then introduce a phe-
nomenological treatment of local damping effects reflecting
the inhomogeneity observed in Bi-2212 and the associated
broadened spectral features.* This model is able to reproduce
the anticorrelation between the local superconducting gap
estimates and local mode estimates. Finally, the reported iso-
tope shift of the distribution mode estimates is naturally cap-
tured by the el-ph coupling model, as our calculations explic-
itly show. We then end with a brief summary and discussion
about the implications of this work.

II. ELECTRON-BOSON COUPLING

In Migdal-Eliashberg theory, which neglects crossing dia-
grams, the self-energy due to el-boson coupling is given by
2va’F(k,q.v)

V2+ (w —w )2 T3G(p?iwm)%3’

e s [0
E(k,lwn)—NlBgn fo dv
(1)

where w,, (w,) is a Boson (Fermion) Matsubara frequency
and o’F(k,q,v)=—|g(k,q)]’Im D(q,v) is the effective

214512-2



DENSITY OF STATES MODULATIONS FROM OXYGEN...

electron-boson spectral function. Here, the vertex g(k,q)
gives the strength of scattering of the electron from state k to
p=k—-q and D(q,iw,,) is the boson propagator.

In the superconducting state, the electron propagator

G(k,iw,) is given by

é_l(k’iwn) = iwnZ(ksiwn) %O + [ek + X(kviwn)]%S
+ d(k,iw,) 7. (2)

Here, the self-energy has been divided into the canonical
form?

S(kii,) =iw[1 - Z(Kk,io,)]5 + x(K,io,) % + ¢k, io,) 7,
(3)

where iw,[1-Z(K,iw,)] and x(K,iw,) are the odd and even
components of the electron self-energy, respectively, and
¢(K,iw,) is the anomalous self-energy. Equations (1)—(3)
can now be self-consistently solved on the Matsubara fre-
quency axis. An analytic expression for the self-energy on
the real axis can be derived from these equations by explic-
itly performing the analytic continuation iw,— w+iJ, where
6>0 is an infinitesimal real number. The single-particle
DOS N(w) is obtained from the electron Green’s function
N(w)=-2%Im G,,(k,w)/ .

Marsiglio et al.** have developed an efficient iterative
procedure for performing the analytic continuation of the

el-boson self-energy. In this formalism 3(k,®) is obtained
by iteratively solving**** (p=k-q)

: lg s s
E(k,w) = _,82 2 )\O(k’q’w - iwm) T3G(p’lwm) 73
q m=0

+ ]%]E fw dVaZF(k’q’ V)[nb(v) + f’lf(V— (l))]
q 7=

X #G(p, 0 - 1)7, (4)

where n;, and n; are the Bose and Fermi factors, respectively,
and

* 2
Mok, q,w) = f dva*F(k,q, V)Z—V
0 w — V2

In evaluating Eq. (4), the solution to the imaginary axis

equations 3(K,iw,) are used as input and 3(k,w) is solved
for iteratively.*?

In large bandwidth systems the momentum sum is typi-
cally evaluated by assuming a linear band near the Fermi
level ,=(k—kp)-vp (with vy the Fermi velocity), replacing
the normal state density of states N(w) with its value at the
Fermi level N(0) and extending the limits of the energy in-
tegral to infinity.*3 (Note that in this approximation y(k, ) is
featureless and only contributes to an overall shift of the
chemical potential.?) For brevity we refer to this approxima-
tion as the “infinite-band” formalism of Eliashberg theory.
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III. QUALITATIVE SIGNATURES OF EL-BOSON
COUPLING

Before turning to the model calculations, let us discuss the
qualitative signatures of el-boson coupling in a d-wave su-
perconductor. We would like to examine coupling in various
momentum channels and, to this end, the coupling constant
can be expanded in terms of Brillouin zone harmonics

|g(k,q)|2 = 2 YJ(k)|gJ,J'|2YJ/(k -q), (5)
J.J'

where the sum J runs over the irreducible representations of
the point group of the crystal. We assume g; ; is diagonal in
this basis and identify /=0 and J=2 with the s and d,2_2
symmetries. If one then only admits the gap solution in the
J=2 channel, the energy and momentum dependence of the
self-energies are factorable with Z(k,w)=Z(w)Yy(k),
Xk, w)=x(w)Yy(k), and ¢k, w)=¢(w)Y,(k), where J=0,2
for each symmetry.

The overall strength of the el-boson coupling in momen-
tum channel J can be parameterized by the dimensionless
constant \;

> PF(k,q,0)Y,(K)Y,(p)d&)de,)
A, = %} k.q (6)
v S v, (k)86 '
k

o0

It is important to note that A;_g=A\. (Y(k)=1) characterizes
the contribution to the el-boson self-energies Z(k,w) and
x(k,w) while N ;,=\ 4 (Y,=[cos(k.a)—cos(k,a)]/2) charac-
terizes the contribution to ¢(k,w) for a d_, supercon-
ductor. The relative values of \_ 4 also determine the transi-
tion temperature 7, which, in the limit of weak coupling is
given by

1+A
kac = 113ﬁ90 exp[— Z:| . (7)
Ag

The relative magnitudes of A, , can also affect the qualitative
signatures of the boson modulations in the density of states.

In the superconducting state, neglecting the role of band
structure, the DOS N (w) can be written as

Ny(w) B 15
N,(0) Re< Vo? — A% (K, ») > ' ®)

where N,(0) is the density of states at the Fermi level and
Ak, w)=¢p(k,w)/Z(k,w)=A (K, w)+iA,(k,w) is the com-
plex momentum-dependent gap function and (...) denotes an
average over the Fermi surface.? In what follows, the nota-
tion A, is introduced for the maximum value of the super-
conducting gap on the Fermi surface, which is defined by the
value of the gap function at the gap edge AO=A(k}A-‘N,w
=A), where k’f\N is the Fermi momentum along the zone
face (0,0)—(1r,0).
For > A, Eq. (8) can be expanded yielding?
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FIG. 1. (Color online) [(al) and (a2)] The DOS N(w) and cor-
responding real and imaginary parts of the gap function A(w), re-
spectively, for an s-wave superconductor coupled to a single
bosonic mode. [(bl) and (b2)] N(w) and A(w) for a d-wave super-
conductor with \,=1.6 and \ ,=0.8\,. The insets of panels (al) and
(b1), show dN/dw and &*F(v+A) in order to highlight the corre-
spondence between features in the DOS and peaks in the boson
spectrum. The secondary structure in A(w) at w=Ay+2(), are due
to self-energy effects due to two-phonon processes.

Ny(o) _

LAk w) - Ak
N0~ |t aptAike) - Aok @), ©)

From Eq. (9) it is clear that the phononic substructure is
given by the frequency dependence of the A(k, w), which is
obtained by evaluating Eq. (4). In Figs. 1al and 1a2 we plot
N (w) and the corresponding A(w), respectively, for an iso-
tropic s-wave superconductor. Here, we have assumed a
single bosonic mode with a Lorentzian spectral density, char-
acterized by a half width at half maximum of I'y)=1 meV
and centered at )y=52 meV [inset of panel Fig. 1al]. The
overall coupling strength has been set to \,=0.8.

As w— Ay+{), the real part of A(w) begins to rise pro-
ducing an enhancement in the DOS for w=<Aj+€),. At A,
+(), the real part begins to drop while the imaginary part
experiences a sudden rise due to Kramers-Kronig consis-
tency. This results in a rapid suppression in the DOS at this
energy scale, which drives the DOS below its bare value. As
a result, the energy scale Ay+(), manifests as a shoulder in
N(w) or a minimum in dN/dw, as shown in the inset of Fig.
lal. This is the classic McMillan-Rowell signature, similar
to that observed in Pb, where phonons are solely responsible
for pairing."? In the case of a d-wave superconductor the
situation is nearly identical when \,=\4=0.8 and the mag-
nitude of the gap function is comparable to that obtained for
the s-wave case with a similar value of . (not shown).
Again, since the contribution from the boson is equal in the
two channels, the boson energy scale manifests as a shoulder
on the low-energy side of the modulation. This signature is
qualitatively unchanged when N, >\ 4, as shown in Figs. 1b1
and 1b2 for A,=1.6 and \,=0.8\, with the overall magni-
tude of A(w) reduced by a factor of 2. The reduction in A(w)
illustrates the importance of the relative magnitudes of \,
and A\ .
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FIG. 2. (Color online) (a) N(w) for a d-wave superconductor
where the ()~ 52 meV mode (A, ,=1.6 and \;, ,=0) renormalizes
over a dominate mode associated with spin fluctuations with €},
=260 meV (\y;. =\ 4=1.6). Inset: dN/dw and o?F(v—A) high-
lighting the correspondence between the low-energy mode and
structure in N(w). [(b) and (c¢)] A(w) and Z(w) for this case. The
vertical dashed lines indicate the energy of Ay+{); where () is
the energy of the center of the low-energy spectra density [inset,
panel (a)].

We now consider the case of a low-energy boson which
renormalizes over a second mode, higher in energy and
dominant in its contribution to pairing. We associate this
high-energy mode with spin fluctuations with a broad
Lorentzian spectral density centered at {);,~2J=260 meV
and with I';;=30 meV. The total coupling to this mode is
taken to be A=A 4,=1.6. For the low-energy boson we
take I',=0.5 meV, \,=1.6, and A =0.

The results for the two-mode calculation are shown in
Fig. 2. The structure of the renormalizations in this case dif-
fers considerably and the shoulder on the low-energy side of
the renormalization is significantly less pronounced. Here,
the sharper spectral density and increased value of A, for the
low-energy mode are required in order to accentuate the
weak low-energy feature. Without this increased coupling the
low-energy renormalizations are difficult to resolve. In the
Eliashberg formalism, a high energy boson produces a gap
function whose real part is relatively frequency independent
for energies on the order of lower energy mode (), while an
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instantaneous pairing interaction produces a frequency-
independent gap function up to an energy scale set by the
Coulomb interaction.* Therefore, assuming a frequency in-
dependent pair field ¢, modulated by el-boson coupling, we
write

dw) ¢+ 0P(w)  dyl+ 5y
Z(w) Zo+6Z(w) Zy1+621Zy°

where 8¢ and 6Z are the el-boson contributions to the self-
energy. The DOS (for w>A,) can then be written as
Nfw) . A

LA ) sz

10
Ny 207 o Zy (10)

If the el-boson contribution to pairing is small, as is the case
in Fig. 2, 8¢ can be neglected and one sees that the fine
structure tracks the structure of 8Z(w) [Fig. 2(c)]. In Fig.
2(b), this is seen as the suppression of A;(w) as w—A,
+£) and results in a dip structure in N(w) [Fig. 2(a)] with no
pronounced shoulder on the low-energy side of the renormal-
ization. We also note that the boson energy scale remains as
the minima in dN/dw [inset of Fig. 2(a)].

Experimentally, the modulations in the tunneling spectra
appear as a dip-hump structure with no pronounced shoulder
on the low-energy side of the modulations.>?*> We therefore
conclude that, within validity of Eliashberg theory, the
bosonic mode responsible for the LDOS renormalizations
cannot be the sole contributor to pairing in the cuprates oth-
erwise a pronounced shoulder on the low-energy side of the
renormalization would be present. More likely, the low-
energy boson renormalizes over the dominant source of pair-
ing. This approach has been invoked previously in order to
account for the ARPES kinks since the value of A,
~0.3-0.5 needed to reproduce the kink is too small to pro-
vide enough pairing to account for the large gap values.!'?3*

Although the two mode picture can account for the lack of
shoulder feature in the LDOS in the infinite band formalism,
the hump structure on the high-energy side of the renormal-
izations is absent. This is due to the approximations inherent
to the formalism used so far, which neglect the role of both
band structure and the narrow bandwidth of the system. In
Fig. 3 solutions to the Eliashberg equations given by Eq. (4),
which retain the full k dependence of the band structure, are
shown. Again, two cases are considered in analogy to Figs. 1
and 2: a single mode with \,=1.9=\,, I'=1 meV, and (),
=52 meV, and a two-mode case with the modes parameter-
ized by (), =52 and 300 meV, I', ;=1 and 30 meV, A/
=Ngo=1.7, N, ;,=0.52, and Ay ;,=0. In order to model a re-
alistic band structure for the low-energy dispersion we have
assumed a five-parameter tight-binding model obtained from
fits to the low-energy dispersion observed by ARPES.*® Figs.
3al and 3a2, show N(w) and A(w), respectively, for the
single low-energy mode which is pairing, analogous to Fig.
1, while Figs. 3b1 and 3b2 show the results for the two mode
calculation, analogous to Fig. 2.

The first observation is that the shoulder feature remains
when a single mode contributes significantly to pairing while
a pronounced dip-hump structure is produced when the mode
renormalizes over another dominant mechanism. In the latter
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FIG. 3. (Color online) The structures in the DOS N(w) and gap
function A(w) when the structure of the bare band has been re-
tained. [(al) and (a2)] N(w) and A(w), respectively, for a d-wave
superconductor coupled to a single low-energy mode which pro-
vides all of the pairing. [(b1) and (b2)] N(w) and A(w) for the two
mode case analogous to the case shown in Figs. 1cl and 1c2. The
insets of panels (al) and (bl) show dN/dw and the low-energy
component of a”F(v+A,) in order to show the correspondence be-
tween structure in N(w) and peaks in &?F(v). [(c1) and (c2)] The
real and imaginary parts of Z(w) calculated in the infinite- (solid)
and finite-band (dashed) Eliashberg formalisms. Here, a single it-
eration of the Eliashberg equations has been assumed with coupling
to an Einstein mode centered at (=52 meV and assuming a
d-wave gap with Ay=35 meV.

case the hump is more pronounced due to the additional
self-energy contributions when scattering to the large DOS
near the van Hove. In the cuprates the energy of the phonons
(and spin-resonance mode) lie close in energy to both the
superconducting gap A, and the van Hove energy €(0, 7/ a).
Because of this near degeneracy of energy scales there is an
overall enhancement of the self-energy due to the increased
density of states to which the bosons can couple antinodal
region. This degeneracy has also been noted in studies on the
temperature dependence of the el-ph self-energy observed by
ARPES'>1¢ and the role of the van Hove has been addressed
in a previous work.*’ To illustrate this point, in Figs. 3c1 and
3¢2 compares the real and imaginary parts of Z(w) in the two
formalisms. [In order to compare comparable cases Z(w) as
been calculated assuming a single iteration of the Eliashberg
equations and the results have been normalized by the value
of A..] When the band structure has been retained Z(w) (as
well as y and ¢) develops additional structure and Z;(w)
becomes negative at energies larger than E(0, 77)+(),, where
E*(0,m)=€*(0,m)+A>(0, ) is the energy of the quasiparti-
cle at the van Hove singularity, resulting in the hump struc-
ture observed in N(w). If the band structure is neglected
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FIG. 4. (Color online) (a) N(w) and (b) dN/dw for w in the
neighborhood of the low-energy boson renormalizations for various
values of the low-energy mode’s spectral width I';, (in meV).

Z,(w) remains positive and smoothly approaches zero as
—, One can therefore conclude that the structure in the
underlying band can contribute to the structure in the self-
energy and must be considered in realistic treatments of nar-
row bandwidth systems such as the cuprates.

The second observation made of Fig. 3 is that the corre-
spondence between the minima in dN/dw and peaks in a’F
no longer holds for a d-wave superconductor with a finite
bandwidth [insets of Figs. 3al and 3b1]. For the single-mode
model the peak in «?F(v) corresponds to the minimum in
N(w) or the root in dN/dw while for the two-mode model
this energy scale does not correspond to any feature in
dN/dw. For the choice of &’F and ¢, used here, the energy
scale Ay+() is located between the root and maximum in
dN/dw and either energy scale gives a reasonable estimate
for the mode energy.

We also note the presence of secondary features in the
DOS at an energy E(0,7)+(), which is absent when mo-
mentum structure of the band is neglected. The presence of
this feature can complicate the identification of the mode
energy if the boson spectral density is broad enough. In Fig.
4 N(w) and dN/dw are plotted for the two-mode model for
various values of the low-energy mode’s spectral width I'j.
Here, we have kept the details of the high-energy mode fixed
to the same values used in Fig. 3 and adjusted the strength of
A, such that the total value of A_ 4 are fixed. As the value of
I', is increased, the width of the structure in N(w) is in-
creased and eventually becomes broad enough that the
double dip structure merges into a single dip-hump feature.
As a result, the peaks in dN/dw merge into a single peak
whose maximum occurs between Qy+4A, and Qy+E(0, 7).
The maximum in dN/dw is very sensitive to the width of the
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boson spectrum as well as the energy of the van Hove and is
therefore an unreliable indicator of the boson mode energy.
However, the position of the root in dN/dw on the low-
energy side of the renormalizations is much less sensitive to
these factors. Although this feature slightly underestimates
the mode energy, it does appear to be a robust indicator of
the mode energy.

The qualitative change in the phonon fine structure is the
central result of this paper. It reconciles the discrepancy in
the ~52 meV scale observed in STM (Ref. 3) and the
~70 meV kink observed by photoemission in Bi-2212."5 In
Ref. 3 the maxima in d*I/dV*«dN/dw was taken for the
mode estimate, corresponding to the shoulder of the dip-
hump structure of the DOS. However, as shown above, the
energy scale of the mode is more accurately given by the
minimum (the dip) in N(w) (or a root in d*I/dV?), this choice
results in an overestimate of the mode energy. A closer ex-
amination of Fig. 1 of Ref. 3 reveals that the minima in the
DOS are ~15-20 meV lower in energy. This brings the
mode estimate in line with the energy of the B, modes in-
voked to explain the kink in the nodal region of supercon-
ducting Bi-2212. Indeed, Ref. 22 has tracked the minimum
in the related Bi-2223 system, which also has strong cou-
pling to the B;, modes, and obtained a mode energy of 35
meV, consistent with our findings. The qualitative difference
in structure also provides a pathway to experimentally dis-
tinguish between fine structure due to cotunneling effects,
where a maximum in N(Qy+A,) «<dl/ dV|w=QO+AO occurs, and
intrinsic el-boson coupling where a minimum is expected if
the mode is not dominating pairing, or a shoulder is expected
if the mode is contributing heavily to pairing.

IV. CONSIDERATIONS FOR BI-2212

We now turn to a model calculation for Bi-2212. Here we
consider coupling to the out-of-phase Cu-O bond buckling
B, phonon branch, previously invoked to explain the renor-
malization in the band structure of Bi-2212 observed by
ARPES." Since we are now concerned with how the
phonons renormalize over a dominant interaction we con-
sider only a single iteration of the Eliashberg equations and
treat the phonon mode as a dispersionless Einstein mode
with )y=36 meV. This treatment is identical to that used in
previous works examining the dispersion kinks observed by
ARPES.">1619 For simplicity, we expand the coupling con-
stant as |g(k,q)|2=g§+g%ﬁYd(k)Yd(p) and set g, 4 such that
A, 4=0.31 and 0.1, comparable to the values obtained in pre-
vious works."> After analytic continuation, the zero-
temperature expressions for the imaginary parts of the self-
energies are

n
wZy(k, ) = EVE lg(k,q)|>8E, + Q- w),
P

T €
kow)=-— K.q)[*28E, + Q- o),
allo ) == 5030 0 @) 2oty + 0~ )
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FIG. 5. (Color online) (a) The density of states calculated for
coupling to the B, phonon branch at 7=0. Each spectra is calcu-
lated using a five-parameter tight-binding band structure and a
d-wave gap with Ag=20 (black), 40 (red), and 60 (blue) meV. [(b)-
(d)] dN/dw for the indicated gap size. The red dashed lines indicate
the position of the roots corresponding to estimates for Ay and A
+€), respectively.

T A
bk, 0) = 5@ |g<k,q>|25§5<Ep +Qp-w), (11)

which are evaluated for w>0. Here, E(k)=ve*(k)+A%(K).
The real part of the self-energies is obtained via the Kramers-
Kronig relations. In these calculations the superconducting
gap A, is taken as an input parameter and we supplement the
real part of ¢ in order to maintain the value of the gap at the
gap edge.'?* Finally, an intrinsic damping I'=5 meV, inde-
pendent of w and k, is added to the imaginary part of
Z(k,w).

The DOS results are presented in Fig. 5, where we have
chosen three different values of A, to mimic the variation in
the LDOS observed in different regions of an optimally
doped sample. The calculated DOS for the three gap values
all show a clear dip in the spectra around Ay+(), as well as
the secondary structure at E(0, ) +€), due to the van Hove
singularity. We also note that the features associated with the
phonon renormalizations are more pronounced due to the use
of a sharp Einstein mode. Estimates are obtained empirically
for the mode energy and gap size from the calculated DOS
via the gap-referencing procedure used in Ref. 4. In order to
avoid complications associated with the van Hove singularity
in determining the gap magnitude on the occupied side (w
<0) of the spectra we work on the hole side (w>0) and
identify the energy Ay+(), with the root in dN/dw. When
the gap-referencing procedure is applied to the data, the re-
sulting gap estimate is equal to the quadrature addition of the
gap on the Fermi surface A, and the damping term I'. The
empirically determined mode energy is therefore underesti-
mated since the effective mode position is Qu+A,
—VA2+T?2. Since we have used a constant value of I" for each

V2o
value of A, the small gap data has a larger ratio of I'/A,,
and thus the extracted mode energy systematically deviated
from (),

A constant value of I' does not capture the local inhomo-
geneity of the parameters entering into the DOS itself. Spe-
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FIG. 6. (Color online) A waterfall plot of N(w) calculated for
doping values spanning the large gap to small gap regions. Each
DOS was calculated for coupling the same mode used in Fig. 5. The
gap values indicated in the legend denote the input values of A,
[(b)~(d)] dN/dw for selected DOS presented in panel (a) for the
hole side (w>0) of the spectrum. The red arrows indicate the roots
used to estimate the energies Ay and Ay+€). (¢) The mode energy
estimate obtained from the position of the local minima relative to
the coherence peak. The blue data points correspond to data for 150
simulations while the red data points correspond to 180 simulations.

cifically, we now modify the magnitude of the el-ph coupling
and inelastic damping I" included in both the spectral func-
tion and evaluation of the self-energy, as a function of gap
size. We naively associate the larger gap with “underdoped”
regions which, due to the reduction in screening of the el-ph
interaction, leads to an increase in the relative strength of the
coupling with gap size. At the same time, damping effects
are taken to increase together with the gap size to mimic the
crossover to smeared gap structures found in the large gap
regions. This is modeled as an increasing ratio of I'/A in the
large gap region. The DOS was then recalculated for input
gap values ranging from 15 to 50 meV.

The new DOS spectra obtained are presented in Fig. 6(a).
For small gap inputs one can see sharp coherence peaks fol-
lowed by a well-defined dip-hump structure associated with
the el-ph coupling. For larger gaps, the associated larger
damping smears the coherence peaks and they are washed
away for Ay;=50 meV. The gap and phonon energy scales
can now be extracted from dN/dw, which are shown for
selected spectra in Figs. 6(b)-6(d). The resulting correlation
between the extracted A, and ), are shown Fig. 6(¢) (dark/
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blue dots). The anticorrelation which emerges between the
two energies stems from the progressive underestimation of
the mode energy as the gap size and I" are increased.

In order to model the isotope effect, these calculations
were repeated with adjustments appropriate for the replace-
ment of °0 with '80. Specifically, this includes a shift in the
phonon frequency by a factor of M,/ M3 and a decrease in
the overall coupling by a factor (M s/ M,g)"*. (This substi-
tution leaves the values of \_ , unchanged.) The red (light)
data points of Fig. 6(e) show the correlation between the
estimate for { and A obtained for 'O upon repetition of the
previous calculations. In both cases, the anticorrelation per-
sists and a clear isotope shift can be seen, which is on the
order of that observed and that one would expect based on
the known shift in the phonon energy. The overall agreement
with the experimental data is good and the anticorrelation
can be accounted for relatively well by incorporating damp-
ing effects into a simple el-ph picture.

V. CONCLUSIONS

We have examined the signatures of el-boson coupling in
a d-wave superconductor when the boson mode does not
provide the dominate pairing interaction. The resulting fine
structures for the modulations in the DOS are qualitatively
different than those found in the conventional s-wave super-
conductors. We found that the manifestation of bosonic en-
ergy scales in the LDOS depends on an interplay between the
strength of the el-boson coupling in each momentum channel
as well as the details of the underlying band structure. In
order to reproduce the spectra observed experimentally by
STM we found that both the full structure of the band as well
as the differing contributions of A, and A, for the boson

PHYSICAL REVIEW B 81, 214512 (2010)

mode in question have to be accounted for. Taking these
considerations into account, the 52 meV scale reported in
Ref. 3 is found to be an overestimate of the mode energy and
instead, the local minima in N(w) should be considered. The
mode energy extracted from the minima of the spectra re-
ported in Ref. 3 agrees well with the energy of the B, pho-
non modes as well as a more recent measurements reported
for Bi-2223.2% This fact reconciles the scales observed by
STM with those observed in numerous ARPES experiments.
With the revised estimate for the mode energy, we then cal-
culated the LDOS including coupling to the B, phonon
modes. Using a simple consideration for the local intrinsic
damping we found that the model is able to reproduce both
the structure of the renormalizations and the observed anti-
correlation between the extracted values of (), and A,. The
success of the el-ph model in accounting for the data ob-
tained by both probes provides further evidence in support of
the phonon interpretation of the electronic renormalizations
observed now in both ARPES and STM experiments.
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